Let R be a commutative k−algebra over a field k. Assume R is a Noetherian integral domain and |R| = ∞. The group of k−automorphisms of R,i.e., Aut k (R) acts in a natural way on (R − k). We study the structure of R when orbit space (R − k)/Aut k (R) is finite, and note that most of the results proved in [1, §2] hold in this case as well. We also give an elementary proof of [1,Theorem 1.1] in case k is finitely generated over its prime subfield.
Introduction
Let K/k be a non-trivial field extension. Authors in [1, §2] conjecture that the orbit space (K − k)/Aut k (K) is finite if and only if either both K and k are finite or both are algebraically closed. From the results of the authors, it is clear that K is finite if and only if k is finite. Moreover, if K is algebraically closed then so is k. About the converse, several results are proved. We prove here that if R is an infinite Noetherian integral domain which is a k− algebra over a field k such that |(R − k)/Aut k (R)| < ∞, then most of the results, not particularly relevant to fields, in [1, §2] hold.
Main Results
Throughout, we shall assume that R is an infinite commutative k−algebra over a field k which is Noetherian integral domain such that
Theorem 2.1. The field k is infinite and integrally closed in R.
Therefore |R/Aut(R)| < ∞. Hence by [2, Corollary 16] , R is a finite field. This contradicts the fact that R is infinite. Hence |k| = ∞. Now, let α ∈ (R − k) be integral over k. Then for each a ∈ k, aα is integral over k, moreover, {aα|a ∈ k} is an infinite subset of (R − k). Note that if
Hence k is finite and integrally closed in R.
is a chain of orbit closed subsets of (R − k) under the action of Aut k (R).
Thus for every λ ∈ (R − k), there exists µ ∈ (R − k) such that
Proof: The proof is similar to the proof of [1,Lemma 2.6].
Proof: It suffices to prove the statement assuming l is a prime. In view of Theorem 2.2, we can assume that l is other than the characteristic of k. As in Theorem 2.2,
is a chain of orbit closed subsets of (R − k).
for all m ≥ n. Thus for any λ ∈ (R − k), there exists µ ∈ (R − k) such that
Hence, as above, we can conclude that for any λ
We, now, consider two cases.
In this case, for any c ∈ (k
Thus the result follows.
Remark 2.5. If U is the set of units in R, and U ∩ (R − k) = φ, then R l = R and k l = k.
We shall first prove that
Hence the assertion holds.
is a field containing k. By Theorem2.4 , for any l ≥ 1, (R−k) l = (R − k). Thus, since λ / ∈ k, X l − λ has no roots in k. Moreover, by Theorem 2.3, for every a ∈ k and any root µ of X l − λ, µ + a is also a root of X l − λ since for any σ ∈ Aut k (R), σ(µ) is also a root of X l − λ. As |k| = ∞, this is not possible. Hence k = R Aut k (R) .
Remark 2.7. : (i) If characteristic of k is p ≥ 0, then we can drop the condition that R is integrally closed. This can be seen by taking l = p.
(ii) Under the conditions of the Theorem, |O(λ)| < ∞ if and only if λ ∈ k.
Hence each λ i is integral over k, and consequently λ ∈ k. The converse is clear.
Proof: Let a, b ∈ S λ . Then there exist σ, τ ∈ Aut k (R) such that σ(λ) = aλ, τ (λ) = bλ. Therefore στ (λ) = abλ and σ
As b i S λ = b j S λ for i = j, the claim follows. This contradicts the assumption that
Remark 2.9. If k is algebraically closed then S λ = k * . Hence for any c ∈ k * , there exists σ ∈ Aut k (R) such that σ(λ) = cλ. Let [k * : S λ ] = m < ∞. Then for any a ∈ k * , as k is algebraically closed, (k * ) m = k * . Thus S λ = k * , and the assertion follows. (ii) Assume that R is integrally closed and (R − k) ∩ U = φ where U is the group of units of R. Then also the assertion of the Theorem holds ,i.e., we need not assume k to be algebraically closed in this case. This follows since k * = (k * ) m by Remark 2.5.
In the end, we record an elementary proof of [1,Theorem 1.1] in case k is finitely generated over its prime field. Theorem 2.10. Let k be a field with |k/Aut(k)| < ∞. If k is finitely generated over its prime field, then k is finite.
Proof: It is noted in [1] that characteristic of k is p > o and it is perfect, i.e., k p = k. Let IF p be the prime subfield of k. As k is finitely generated over IF p , k has finite transcendence degree over IF p . Let S be a transcendental basis of k|IF p . Then k|IF p (S) is finite algebraic. If S = φ, then clearly k is finite. Further, if S = φ, then as k is perfect k = IF p (S). Thus k|IF p (S) is finite algebraic. As k is perfect, Frobenius endomorphism of k (say)σ is an automorphism. Therefore, as [k : IF p (S)] < ∞, σ(IF p (S)) = IF p (S). This, however, is not true. Consequently S = φ, and k is finite.
